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A review of compressibility and rarefaction effects on spherical particle drag was conducted based on existing

experimental data, theoretical limits, and direct simulationMonte Carlo method results. The data indicated a nexus

point with respect to effects of Mach number and Knudsen number. In particular, it was found that a single drag

coefficient (of about 1.63) is obtained for all particle conditions when the particle Reynolds number is about 45, and is

independent of compressibility or rarefaction effects. At lower Reynolds numbers, the drag is dominated by

rarefaction, and at higher Reynolds numbers, it is dominated by compressibility. The nexus, therefore, allows

construction of two separate models for these two regimes. The compression-dominated regime is obtained using a

modification of the Clift–Gauvin model to specifically incorporate Mach number effects. The resulting model was

based on a wide range of experimental data and showed superior prediction robustness compared with previous

models. For the rarefaction-dominated regime, the present model was constructed to directly integrate the

theoretical creeping flow limits, including the incompressible continuum flow limit (Stokes drag), the incompressible

weak rarefaction limit (Basset–Knudsen correction), and the incompressible free-molecular flow limit (Epstein

theory). Empirical correlations are used to extend this model to finite particle Reynolds numbers within the

rarefaction-dominated regime.

I. Introduction

P ARTICLE drag is related to the relative velocity of the particle.
The particle velocity (v) is defined as the translational velocity of

the particle center of mass (xp). The gas velocity (u) is the velocity
far from the particle surface, which is uniform in the far field and
which does not take into account the particle’s presence. The relative
velocity of the particles (w) is then

w �t� � v�t� � u�t� (1)

The quasi-steady drag force assumes steady flow, arises from
pressure and viscous stresses applied to the particle surface, and
resists the relative velocity w. The dependence of drag on the
magnitude of the relative velocity is primarily dictated by the particle
Reynolds number (Rep), defined as

Rep �
�fjwjd
�f

(2)

In this expression, d is the particle diameter, �f is the gas density, and
�f is the gas viscosity. The particle Reynolds number is the
nondimensional ratio of convective (fluid inertial) forces to viscous
forces with respect to the fluid dynamics of the continuous phase in
the vicinity of the particle.

When the particle Reynolds number is small (Rep � 1), the
viscous effects (as opposed to convective effects) dominate the fluid
stress over the particle. This lowReynolds number condition is often
called the “creeping flow” condition and leads to a fully attached
laminar flow over the particle. Stokes [1] obtained the drag force in
the limit of negligible convection terms and incompressible and
continuum flow and showed that

F D ��3�d�fw (3)

This is often referred to as the Stokes’s drag regime owing to his
derivation. This regime results in a linear dependence of drag on the
relative velocity.

At high Reynolds numbers given by 2:0 � 103 < Rep<
3:0 � 105, a laminar boundary layer will form on the front of the
particle (�� 0 deg) and will separate at �� 80 deg, producing a
fully turbulent wake behind the particle. Because the pressure and
shear stresses are proportional to the dynamic pressure, and the
separation point is approximately constant, it can be expected that the
resulting drag will be simply proportional to the dynamic pressure
(�1=2��fw2) and the particle frontal area (�d2=4), and will be
independent of viscosity changes. This leads to the well-known
definition of the drag coefficient (CD) written in terms of the total
drag force as

F D � �
�

8
d2�fCDww (4)

Measurements have shown thatCD is approximately constant in this
Rep range (Fig. 1). This nearly constant value is called the “critical
drag coefficient” (CD;crit) with a value of about 0.4 to 0.45. This was
recognized by Newton when he established the drag resistance for
projectiles in 1710, and so that the associated Rep range is often
called the “Newton regime.”

One may quantify the departure of the drag from the Stokes
solution due to Reynolds number by normalizing the drag force by
the creeping flow solution

fRe �
FD�Rep�

FD�Rep ! 0� �
CD;Rep
24=Rep

(5)

This ratio is called the “Stokes correction factor” and is equal to unity
for Rep � 1 and is proportional to Rep for the Newton regime
(approximately 3:0 � 103 < Rep < 2:0 � 105). At higher Reynolds
numbers, the attached boundary layer becomes turbulent and causes
the flow separation point to be shifted to a more aft position
(�� 120 deg). Theses conditions are generally defined as having
Rep > Rep;crit, where Rep;crit is termed the critical Reynolds number
(approximately 3:0 � 105), which is generally defined when CD
drops below0.3. Because particles are rarely at such highRep values,
we will neglect the supercritical regime for our drag model. For
intermediate particle Reynolds numbers (approximately
1:0 � 10�1 < Rep < 2:0 � 103), the flow behind the particle
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transitions from an attached laminar wake, to a separated but still
laminar wake, to an unsteady transitional wake (where the approach
boundary layer is laminar).

Based on measurements of the drag coefficient for a wide range of
Reynolds numbers as shown in Fig. 1, it can be seen that the flow
transitions mentioned previously give rise to continuous but
nonlinear variations. For the creeping flow regime, the drag
coefficient based on the Stokes derivation is given asCD � 24=Rep,
which is in good agreement with the experimental results forRep �
1 (e.g., less than 2% at an Rep of 1:0 � 10�1). Because there is no
general analytical solution for intermediate Reynolds numbers, the
intermediate conditions are generally prescribed by an empirical
expression of the drag coefficient. There are a large number of curve
fits, which have been proposed for the sphere correction data at
higher Rep values. For example, Clift et al. [2] gives a ten-part
empirical curve set for sphere drag up to Rep of 106, that is, the
conditions include creeping flow and up to and past the drag crisis. A
reasonable subcritical expression is given by Clift and Gauvin [3],
which is accurate to within 6% of experiments (Fig. 1):

CD;Rep �
�
24

Rep
�1	 0:15Re0:687p �

�
	 0:42

1	 42;500
Re1:16p

for Rep < 2:0 � 155

(6)

The second term on the right-hand side (RHS) controls the transition
to the critical drag coefficient set as 0.42. The first term on the RHS
(in square brackets) is known as the Schiller–Naumann [4] drag
expression and itself can be used for moderate Reynolds number as

fRe � 1	 0:15Re0:687p for Rep < 8:0 � 102 (7)

This “nonlinear drag” in the form of the Stokes correction is perhaps
the most commonly used drag correction expression in multiphase
flows because many particles are constrained to Rep values in this
range. Note that the drag given by Eqs. (6) and (7) represents the
time-averaged component for Rep > 2:0 � 102 because some force
unsteadiness results from the unsteady separated wake region.

II. Compressibility and Noncontinuum Parameters

To extend these results to include the effects of compressibility
and rarefaction, the controlling nondimensional parameters should
first be considered. The level of compressibility of the fluid can
become important at high relative particle velocities compared with
gas speed of sound (ag). As such, the key parameter that describes
compressibility is the Mach number, which is defined based on this
ratio:

Mp �
w

ag
� w���������������

�RgTg
p (8)

This assumes a thermally perfect gas with a fixed specific heat ratio
(�) and gas constant (Rg). An incompressibility criterion can be
written as

Mp � 1 (9)

Compressibility will be significant when the relativeMach number is
no longer small, for example, 0.4 or more. Such conditions are
typically not expected based on terminal velocity. Instead, significant
relativeMach numbers are generally due to particles interacting with
high-speed flows. Examples include particles in a plasma spray or a
rocket engine with a supersonic exit flow, particles ablating from a
surface in a hypersonic boundary layer, and particles subjected to a
shock wave. In these cases, the particle response time can lead to
significant relative Mach numbers [5]. Thus, compressibility effects
can be important to provide an understanding of the particle
dynamics in such conditions.

To assess the validity of a continuum surrounding flow, the
particle Knudsen number is defined as the ratio of mean free-path
length of the surrounding molecules (Lm�m) to the particle diameter.
This can be written in terms of the particle Mach and Reynolds
numbers for an ideal gas (Schaaf and Chambré [6]) as

Knp �
Lm�m
d
�

�������
��

2

r �
Mp

Rep

�
(10)

Small values of the Knudsen number (<10�3) are consistent with a
continuum approximation, whereby a very large number of
molecular collisions occur at the particle surface, that is, the
conventional no-slip boundary condition as assumed for the drag
coefficients. The continuum criterion can be written as

Knp � 1 (11)

Because gas viscosity and speed of sound typically have a modest
variation with temperature, the continuum approximation is
generally violated due to small particle size (e.g., diameters of
10 � or less in atmospheric conditions) and/or low-density gases
(e.g., near vacuum conditions or at very high altitudes).

When the constraint of Eq. (11) is violated so thatKnp is no longer
small, the flow around the particle can no longer be considered as a
continuum. In this case, the molecules near the surface do not have a
sufficiently high collision rate to ensure a mean velocity equal to that
of the particle surface velocity, that is, the no-slip condition will not
be realized. As a result, noncontinuum effects lead to a difference
between the mean molecular velocity and the mean particle surface
velocity, that is, a partial-slip condition. This phenomenon is referred
to as “accommodation” and leads to the different regimes outlined in
Table 1. For “slip” flow, the noncontinuum effect is weak and can be
considered a small departure from the no-slip condition (allowing
some theoretical analysis). Knudsen numbers much greater than
unity are generally considered “free-molecular” flow conditions in
which the molecules impact and reflect from the particle, but
molecular–molecular interactions in the vicinity of the particle are
negligible (theoretical analysis is again possible in this regime). The
“transition” regime is in between these regimes and is the most
complex to analyze.

Based on Eq. (10), onemay generally consider the drag coefficient
to be a function of two independent parameters (amongMp,Rep, and
Knp). At very high Reynolds numbers (Rep 
 1), the physics tends
to be dominated by compressibility (Mp) because Knp will be
generally small in these conditions. At very low Reynolds numbers,
the physics will tend to be dominated by rarefaction (Knp) because
Mpwill be generally small in these conditions. These two regimes are
illustrated in Fig. 2 (which was developed to summarize the
predictions of present models) in terms of the drag coefficient for a
sphere in thermal equilibrium, that is, Tp � Tg1. The trends
(supported by experimental and numerical results) indicate a nexus
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Fig. 1 Drag coefficient for a smooth solid sphere at various Reynolds
numbers for incompressible flow conditions with experimental data
reported in White [30].
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of the compressibility and rarefaction effects at a single Reynolds
number, that is

CD � 1:63 at Rep � 45 for all Mp and Knp (12)

The independence of compression or rarefaction at this condition (for
thermal equilibrium) was qualitatively noted by Zarin [7]. This
condition corresponds to a particle with a steady separated wake in
the incompressible continuum limit. Unfortunately, the correspond-
ing flow is not analytically tractable. As such, it is not clear whether
the lack of influence for Mach number and Knudsen number is
caused by 1) a limit in which Rep is too small to have significant
compressibility effects but Rep is too large to have significant
rarefaction effects, or 2) a limit in which the compressibility effects
and rarefaction effects are effectively counteractive. The former
would suggest that viscous effects are much stronger than either
compressibility effects or rarefaction effects at this condition.
Qualitatively, this may be a reasonable assumption because shock
waves do not form as strong discontinuities at such Reynolds
numbers. However, it is expected that the latter cause is the reason
because the flow field around a particle at Rep of 45 can be expected
to be markedly different in free-molecular flow as compared with
continuum conditions. More research is needed to examine the
detailed flow physics around a particle at this condition to properly
address, if and why the rarefaction and compressibility effects
counteract.

In either case, the appearance of the nexus condition can be
exploited to provide a robust prediction of the drag by considering
separate models for Rep < 45 (where rarefaction effects are know to
dominate because typical Mp values are small) and for Rep > 45
(where compressibility effects are known to dominate because
typical Knp values are small). Thus, the Fig. 2 predictions of CD in
the rarefaction-dominated regime will be developed separately from
those in the compression-dominated regime. In the following, the
compression-dominated regime is first considered, followed by the
rarefaction-dominated regime for which temperature differences can
be important. Finally, the thermophoretic force associated with
temperature gradients (which can be significant in the rarefaction-
dominated regime) is considered.

III. Compression-Dominated Regime

Various compressible flow features will determine the flowfield
over a sphere, depending on the Mach number (Fig. 3). The
compression-dominated regime generally yields increased drag as
the Mach number increases (recall Fig. 2). The change in the drag
coefficient due to compressibility can be expressed in terms of a drag
ratio defined as

CM �
CD;crit

CD;crit;M�0
(13)

Aswith the drag ratio for shape effects, the baseline (incompressible)
critical drag coefficient is taken as 0.42.

The increase in drag is initially due to the influence of
compressibility on boundary layer separation for Mp > 0:2
(Schlichting [8]), but this effect is generally mild. At higher Mach
numbers, the maximum flow velocity around the sphere (at ��
90 deg according to potential flow theory) will eventually reach a
sonic speed. The freestream Mach number associated with this
condition is defined as the critical Mach number (Mcrit),
approximately 0.6 for a sphere (Hoerner [9]). Beyond this speed,
gas dynamic waves appear. For example, flow at a subsonic but
supercritical Mach number is shown in Fig. 3a, where one can see
weak expansion waves as the flow becomes locally supersonic,
followed by a lamda-shock pattern at the top of the sphere. This
boundary layer shock interaction promotes earlier flow separation
than that seen for the incompressible condition. As a result, the drag
significantly increases forMp >Mcrit (Fig. 4).

As the Mach number becomes supersonic, a bow shock forms in
front of the sphere (Fig. 3b) but the point of flow separation moves
further back because there is no longer a lamda shock present. The
corresponding drag initially increases until it is maximized at about
Mp of 1.5 (Fig. 4). At higher Mach numbers, the flow retains a bow
shock but the stand-off distance is reduced, and boundary layer
separation is further delayed due to supersonic expansion over the
rear portion (Fig. 3c). As a result, the drag ratio is somewhat reduced
and eventually approaches a constant at hypersonic Mach numbers
CM!1 � 2 (Fig. 4). Because the rear flow separation is primarily
dictated by the gas dynamics, the flow and the drag coefficient are not
sensitive to Rep forMp > 1:5, that is, there is no “drag crisis” when
the boundary transitions from laminar to turbulent conditions. As a
result, Crowe [10] termed the supersonic CD as the “inviscid drag
coefficient” because boundary layer properties have little influence.
There is no theoretical correction for Mach number effects at these
conditions, and so the drag ratio must be described empirically.
Herein, the drag ratio is modeled based on the available experimental
data of Fig. 4 as a two-part expression:

CM � 5
3
	 2

3
tanh�3 ln �Mp 	 0:1�
 for Mp � 1:45 (14a)

CM � 2:044	 0:2 expf�1:8�ln �Mp=1:5�
2g for Mp � 1:45

(14b)

This is similar to the fit given byCrowe et al. [11] and yields the same
trends, that is, Mach number effects are generally weak below the
critical Mach number (Mp < 0:6), whereas a nearly constant drag
coefficient is found in the hypersonic regime (Mp > 5).

To represent the influence of Mach number between the nexus
point (at which the effect is negligible) and the high Rep regime
[where the effect is given by Eq. (14)], it is convenient to employ a
modified Clift–Gauvin drag expression in the following form:

CD �
24

Rep

h
1	 0:15Re0:687p

i
HM 	

0:42CM

1	 42;500GM
Re1:16p

for Rep > 45

(15)

This expression involves the critical drag coefficient ratio defined in
Eq. (13) so that it recovers the trends of Fig. 4 at high Reynolds
numbers. To incorporate the reduction of compressibility effect as
the Reynolds number is reduced, Eq. (15) introduces two empirical

Table 1 Flow regimes based on Schaaf and Chambré
(1961)

Knudsen range Flow physics

Knp � 0:01 Continuum flow
0:01 � Knp � 0:1 Slip flow
0:1 � Knp � 10 Transition flow
Knp � 10 Free-molecular flow
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M>>1, Kn>>1 limit
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Compression
dominated

NexusKnp = 100

Knp = 10

Knp = 1

Knp = 0.1

Mp = 0.8

 104 105

Mp = 1.6

Fig. 2 Rarefaction and compression effects on drag of a spherical
particle with Tp � Tg1 in which present fit corresponds to Eqs. (14–16)

for Rep > 45 and Eqs. (22–27) for Rep < 45.
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functions of the particle Mach number given by

GM � 1 � 1:525M4
p for Mp < 0:89 (16a)

GM � 0:0002	 0:0008 tanh�12:77�Mp � 2:02�
 for Mp > 0:89

(16b)

HM � 1 � 0:258CM
1	 514GM

(16c)

The form ofHM is constructed to ensure that the nexus of Eq. (12) is
satisfied, while GM is constructed to ensure that the resulting form
recovers the incompressible Clift–Gauvin limit as Mp approaches
zero. As shown in Fig. 5, this model is more accurate than previous
models in terms of predictive performance for a range of Reynolds
numbers, Mp, while the robustness in terms of Mach number is
demonstrated in Fig. 6.

IV. Rarefaction-Dominated Regime

The effect of rarefaction becomes important for finite Knudson
numbers and low Reynolds numbers as discussed in the preceding
section. When the flow is in continuum (Eq. (11) satisfied), the drag
force for a spherical particle given by the Schiller–Naumann
expression of Eq. (7) is reasonable (for Rep < 45). For finite
Knudsen numbers but small Reynolds numbers, a Stokes correction
can be defined as

fKn �
FD�Knp; Rep � 1�

3��fd
(17)

This expression is often referred to as the Cunningham correction
factor and depends on the surface properties. For a smooth particle,
the angles of incidence and reflection at the molecular length scales
will be equal (specular reflection), and the tangential momentumwill
be conserved. For a rough particle, the normal velocity component is
assumed zero, whereas the molecular reflection will be random
(diffuse reflection), and some portion of the tangential momentum
will be lost. For small but finite Knudsen numbers, the boundary
condition for the tangential surface velocity (u�) was expressed by
Talbot et al. [12] in terms of the velocity gradients, the surface
temperature gradient, and a tangential momentum coefficient (c�),
which, in turn, is defined in terms of the accommodation coefficient
(caccom):

u� � c�Lm�m
�
1

r

@ur
@�
� r @

@r

�
u�
r

��
r�rp
	 c�

�
�g

RgTg

��
@Tg
@�

�
r�rp

(18a)

c� � �2 � caccom�=caccom (18b)

The accommodation coefficient, caccom, is the fraction of molecules
that undergo diffuse reflection upon impacting the particle, whereas
the remaining fraction undergoes specular reflection. As such,
caccom � 1, and a typical value is about 0.9 on most surfaces. This
corresponds to c� � 1:22, though this coefficient can range from 1.0
to 1.5. For the RHS of Eq. (18a), Talbot et al. [12] also pointed out
that the c� value used for the velocity termmay be different from that

Fig. 3 Shadowgraphs of spheres from Van Dyke [31] with very high
particle Reynolds numbers (approximately 9:0 � 105) at a) Mp � 0:86,
b) Mp � 1:53, and c) Mp � 3. (Figure included with permission of

Parabolic Press.)
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Fig. 4 Mach-based drag ratio at Rep > 1:0 � 104 based on data of
Hoerner [9] and Eq. (14).
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Fig. 5 Prediction of the drag curve at Mp � 0:5 for various models in
which present fit corresponds to Eqs. (14–16).
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used for temperature term. However, the difference is typically quite
small, approximately 3%, and so that a single value of c�, as used
herein, is generally reasonable.

Assuming weak temperature gradients so that the second term of
Eq. (18a) can be neglected, Basset [13] theoretically obtained the
Knudsen correction factor for slip flow

fKn � 1 � 2c�Knp 	O
�
Kn2p

�
for Knp � 1 (19)

In the other limit of free-molecular flow (Knp 
 1), Epstein [14]
obtained a theoretical result by assuming that the velocity
distribution of the molecules striking the sphere is based on a
Maxwell distribution (and unaffected by the presence of the sphere),
yielding

fKn !
8	 2�=�c� 	 1�

36Knp
for Knp 
 1 (20)

Combining this correction factor (which is inversely proportional to
Knp) with its definition [Eq. (17)] and Eq. (10) indicates that the drag
force is independent of viscosity in the free-molecular flow limit.
This is because the molecular velocity distribution is no longer
Maxwellian because binary collisions are no longer the dominant
process for exchange of energy between the gas molecules. Note that
some references (e.g., Clift et al. [2]) give a result which has a factor
of 2 error in this and some of the subsequent equations, presumably
due to conflicting definitions of Knudsen number (herein, it is based
on particle diameter, though early studies based it in on particle
radius).
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Fig. 6 Drag coefficient as a function ofReynolds number for variousMachnumbers based ondata ofWegener andAshkenas [32], Aroesty [24], Carlson
andHoglund [21], Hoerner [9], Bailey andHiatt [25], andMishin [33]: a)Mp � 0:8, b)Mp � 1, c)Mp � 1:5, d)Mp � 2, e)Mp � 4, and f)Mp � 6 [present fit

corresponds to Eqs. (14–16)].
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To bridge the gap from very low to very high Knudsen numbers,
Phillips [15] proposed an approximate theoretical solution, which
assumed low Rep and Mp but allowed for intermediate Knudsen
number values

fKn

�
15c��6c2�Knp	�16	16c�	4��

�
c2�	2

�
Kn2p

15c�	24c2�Knp	36c�

�
c2�	1

�
Kn2p	72

�
c2�	2

�
�c�	1�Kn3p

(21)

Because particle accommodation coefficients are not generally
known to high accuracy, general empirical representations have been
put forth. A reasonably accurate expression is that discussed by Clift
et al. [2], which is consistent with c� � 1:22:

fKn �
1

1	 Knp�2:514	 0:8 exp��0:55=Knp�

(22)

In the limit of particle Reynolds and Mach numbers much less than
unity, both the theoretical and empirical expressions [Eqs. (21) and
(22)] show that the slip effect results in decreasing equivalent drag as
the Knudsen number increases. As shown in Fig. 7, both expressions
also compare favorably with the experimental data of Millikan
[16,17]. Also shown in this figure is the direct simulation
Monte Carlo (DSMC) data of Benson et al. [18], which follows the
trends as well. To account for finite Reynolds numbers, the Knudsen
number effect described here can be extended by including a
Schiller–Naumann correction as

CD;Kn;Rep � CD;RepfKn �
24

Rep

�
1	 0:15Re0:687p

�
fKn (23)

This expression, which will be shown to be quite robust, can use
either a theoretical or an empirical Knudsen correction [e.g., Eq. (21)
or Eq. (22)], but assumes the particleMach number is small.Note that
use of the drag coefficient form, instead of the drag correction form, is
more appropriate in free-molecular flow for which the drag is no
longer proportional to viscosity.

As the particle Mach number becomes significant, for example, of
order unity or more, a free-molecular creeping flow limit can be
obtained in terms of the molecular speed ratio

s � Mp

��������
�=2

p
(24)

Assuming equal tangential and normal accommodation coefficients,
Stadler and Zurick [19] and Schaaf and Chambré [6] derived the
inviscid free-molecular compressibility limit for s > 1 (approximate
supersonic flow) as

CD;fm �
�1	 2s2� exp��s2�

s3
����
�
p 	 �4s

4 	 4s2 � 1�erf�s�
2s4

	 2

3s

�����������
�
Tp
T1

s
(25a)

The first two terms refer to the diffuse reflection, whereas the third
term refers to specular reflection, which includes the effect of the
particle temperature ratio. This ratio is based on T1, which is the far-
field gas temperature as seen by the particle, that is, the “uncoupled”
gas temperature hypothetically extrapolated to the particle centroid
(Tf@p). This is normally equal to the particle temperature for thermal
equilibrium conditions, but Tp may be different than the ambient
temperature if the particle is undergoing rapid heating or cooling
(e.g., due to injection conditions, shock passage, etc.). Hersch et al.
[20] noted that the form of Eq. (25a) is equal to the Epstein [14]
model if one assumes that the thermal accommodation coefficient is
equal to the momentum accommodation coefficient. The free-
molecular drag coefficient for equilibrium particle temperature is
defined as

C0D;fm � CD;fm;Tp�T1 �
�1	 2s2� exp��s2�

s3
����
�
p

	 �4s
4 	 4s2 � 1�erf�s�

2s4
(25b)

In the limit of very high speed ratios, this givesC0D;s
1 � 2, which is
often taken as the lower limit for low Reynolds number drag.

The free-molecular limit can be empirically corrected for finite
Reynolds numbers by ensuring that the nexus given by Eq. (12) is
satisfied (regardless of particle temperature) with

CD;fm;Re �
CD;fm

1	
�
C0
D;fm

1:63
� 1

� ������
Rep
45

q (26)

In this case, the limit of very high speed ratios and equilibrium
particle temperature but finite Reynolds numbers becomes

C0D;s
1;Re � �0:5	 0:0169
���������
Rep

p
��1

which is often taken as the lower limit for lowReynolds number drag.
This limit and the creeping free-molecular limits of Eq. (25b) are
shown in Fig. 8, where it can be seen that there is a substantial
difference between the free-molecular values and the continuum
Clift–Gauvin drag coefficient, especially at small particle Reynolds
numbers.

Whereas the free-molecular compressibility limit is appropriate
for s � 1 (including hypersonic conditions), it becomes undefined
(infinite) for the zero Mach number limit. To additionally blend the
finite Mach number limit with the zero Mach number limit, the
following empirical combination is proposed for the overall drag
coefficient:

CD �
CD;Kn;Re
1	M4

p

	
M4
pCD;fm;Re
1	M4

p

for Rep � 45 (27)

This expression represents the overall fit to the rarefaction regime
and simultaneously allows for Reynolds, Mach, Knudsen, and
temperature ratio effects for the rarefaction-dominated regime. For
the low Mach number conditions of Fig. 7, this model reverts
identically to the fkn expression of Eq. (22), which reverts to the
correct theoretical limits of Eqs. (19) and (20). For the finite Mach
number conditions, this model also correctly asymptotes to the free-
molecular limit (shown by the dashed lines in Fig. 8), including the
limit of s
 1, where CD ! 2. This model also properly represents
Reynolds number effects as shown by comparisonwith experimental
and DSMC data in Fig. 8. Because of these attributes, the present
model consistently outperforms those of Carlson and Hoglund [21],
Crowe [10], Henderson [22], and Hermsen [23] in the rarefaction-
dominated regime, for example, as shown in Fig. 9.

Temperature ratio effects are also included in the present model
via the specular term of Eq. (25). As shown in Fig. 10a, this leads to
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Fig. 7 Knudsen number effects on the Stokesian drag correction for
Rep � 1 andMp � 1with predictions of Phillips [15] [Eq. (21)] andClift

et al [2] [Eq. (22)].
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increases in drag as the particle temperature increases due to an
additional viscous contribution. The effect is highest at the creeping
compressible flow limit [where the model reverts to Eq. (25)] and
reduces as the Rep increases. For all these conditions, the present
drag model gives the best prediction of the temperature influence,
and a typical comparison with previous models is shown in Fig. 10b.
Beyond the nexus point (in the compression-dominated region), little
data is available to support whether the temperature increases or
decreases the drag, but, in general, the effect of Tp=T1 is small
(Aerosty [24]; Bailey and Hiatt [25]).

V. Thermophoretic Forces

The thermophoretic effect is caused by temperature gradients in
the continuous fluid surrounding the particle. It arises due to the
gradient of the kinetic energy of the surrounding molecules and can
be significant (compared with drag) for noncontinuum conditions,
for example, in small particles in gasses. In particular, the “hot side”

of a particle experiences collisions from molecules with higher
velocities as compared with that of the cool side according to kinetic
gas theory (Fig. 11). The net result yields a force in the direction
opposite to the temperature gradient. Thermophoresis can be used to
drive particles away from a hotwall or toward a coldwall; the sooting
of kerosene lamps is an example of the latter. The fabrication of
microprocessors depends on thermophoresis because the repulsion
and or deposition of impurities on the wafer is controlled during
elevated temperature conditions. In addition, this phenomenon is
used in thermal precipitators to filter submicron-sized particles from
gas flows. Thermophoretic forces can also play an important role in
plasma flows, combustors, and heat exchangers.

The thermophoretic force is generally written as a function of the
particle Knudsen number (Knp) as defined in Eq. (10). As with drag
in rarefied flows, thermophoresis has three primary regimes: near
continuum (Knp � 1), transition (Knp � 1), and free molecular
(Knp 
 1). Similarly, there are theoretical approaches for the
extreme cases, whereas the transition regime is generally modeled
with empirical relations based on experiments and resolved
simulations. A second influential parameter is the ratio of the gas-to-
particle thermal conductivities:

K � �
Kg

Kp

�
15�gRg

4Kp

(28)

If the particle thermal conductivity is small compared with the gas
(K� 
 1), then it will have an interior temperature gradient that
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Fig. 8 Compression effects for rarefaction regime (Rep < 45), based on
data of Carlson andHoglund [21], Bailey and Hiatt [25], andMacrossan
[34], whereM � 0 and Kn� 0 is based on Eq. (6), free-molecular theory
is given by Eq. (25), M � 1 and Kn� 1 is based on lower limit of
Eq. (26), where CD;fm, is based on Eq. (25), CDfrm;Re is based on Eq. (26),

and present fit is based on Eqs. (22–27).
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approaches that of the surrounding flow for near-continuum
conditions. However, most gas/particle combinations are best
described by K� � 1 for which the particle’s internal temperature
field is more uniform, resulting in increased temperature differences
between the particle and the gas at the interface. Various models for
the force are considered next for steady-state conditions.

For the near-continuum regime, one of the earliest approaches for
the thermophoretic force was presented by Epstein [14]. However,
the first analysis to formally allow for small K� conditions was
completed by Brock [26] using the surface boundary condition with
tangential accommodation [Eq. (18)]. Brock assumed a uniform
temperature gradient in the farfield and imposed a heatflux boundary
condition on the sphere surface based on the ratio of the thermal
conductivity of the gas to that of the particle, expressed as

K � �
Kg

Kp

�
15�gRg

4Kp

(29)

The gas and the particle temperature fields were assumed to satisfy
Laplace’s equation with a temperature-jump boundary condition at
r� rp given by

Tg � Tp 	 cTLm�m�@Tg=@r�

where cT is a temperature accommodation coefficient, approx-
imately 2.18 (Loyalka [27]). Using the Stokes stream function, the
Brock’s force due to thermophoresis is

FrT;Knp�1 ��
6��g�gd�2�c�c�

��K� 	 2KnpcT�
�1	 6Knp�2�c�c�

�
�1	 2K� 	 4KnpcT�

�rTg
Tg

�
@p

(30)

The negative sign indicates a force opposing the unhindered gas
temperature gradient, that is, the gradient which would exist in the
absence of the particle. Talbot et al. [12] noted that this theory is
reasonable for near continuum (Knp � 1), at which point it yields a
force that is approximately linearly proportional toKnp (as noted by
the previous expression). As such, thermophoresis becomes more
important as particles become smaller (approximately 10 �or less)
or the gas pressure decreases.

The large Knudsen number (Lm�m 
 d) limit can be obtained
assuming no collisions between molecules, as was employed for
free-molecular drag theory mentioned previously. The result by
Waldmann [28] for monatomic gases is

FrT;Knp
1 ��
�

2
�g�g

d

Knp

�rTg
Tg

�
@p

(31)

It turns out that Brock’s theory [Eq. (30)] approaches the free-
molecular limit [Eq. (31)] in the limit ofKnp 
 1 but, unfortunately,
is not accurate for intermediate Knp conditions, as will be discussed
next. However, this indicates that the intermediate regime may (and
indeed does) have a similar linear dependence on the gas viscosity,

particle diameter, and gas thermal gradient so that it is appropriate to
consider a normalized thermophoretic force based on the free-
molecular limit, which itself should only be a function of Knp and
K�:

F�rT �
FrT

FrT;Knp
1

(32)

To observe the detailed dependence on Knp for the intermediate
regime, one may consider data from resolved-surface simulations
based on the Boltzmann–Krook–Welander (BKW) and Bhatnagar–
Gross–Krook (BGK) models of the Boltzmann equation. Data from
such simulations are shown in Fig. 12 for the nondimensionalized
force. The results indicate that the force is a strong function of the
Knudsen number but only a weak function of the conductivity ratio.
Generally, the Brock theory is appropriate for Knp < 0:01, whereas
the free-molecular theory is appropriate for Knp > 20.

As discussed by Zheng [29], there have been several models of
various levels of complexity, which have proposed to describe the
intermediate Knp functional dependence in terms of K�, c�, and/or
cT . However, a simple model which neglects the secondary
parameters and gives reasonable agreement with the resolved-
surface simulations is given by

particle 

F∇Τ

hot 

cold

molecule 

velocity 

∇Τ

Fig. 11 A particle surrounded by a gas with a temperature gradient
creates a thermophoretic force on the particle.
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Eqs. (31–33).

0.0

0.2

0.4

0.6

0.8

1.0

1.2

0.01 0.1 1 10 100

Knp

k*=0.0002 (L&D)
k*=0.0017 (L&D)
k*=0.0024 (Schmitt)
k*=0.0031 (S&C)
k*=0.0043 (J&B)
Present fit
Free Molecular
k*=0.101 (S&C)
k*=0.110 (S&R)
k*=0.164 (L&D)
k*=0.164 (L&D)

*

TF∇

Fig. 13 Comparison of nondimensional thermophoretic force pre-
dictions with experimental data (Saxton and Ranz [38], Schmitt [39],
Schadt and Cadle [40], Jacobson and Brock [41], and Li and Davis [42],
with data grouped as in Fig. 12, and present fit is based on Eqs. (31–33).

2226 LOTH



F�rT �
Kn1:7p

1:15	 Kn1:7p
for Knp > 0:01 (33)

In Fig. 13, this model is compared with experimental data in various
gasses (air, argon and helium) with conductivity ratios (K� � 0:1)
and low conductivity ratios (K� � 1). Though there is considerable
spread in the data and perhaps some evidence of a K� dependence,
the simple empirical fit yields good agreement for Knp greater than
0.01 for all the conductivity ratios studied. In contrast, the Brock
theory tends to overestimate the force for Knp greater than 0.01 (by
about four fold), and, unfortunately, there is little experimental data
at lowerKnp values, where it is expected that theK� dependencewill
bemore significant. However, the force is generally negligible in this
regime, and so this issue may not be of substantial practical
importance.

VI. Conclusions

A newmodel of the drag of spherical particles subjected effects of
compressibility and rarefaction was developed. It is based on the
observation of a nexus point at a particle Reynolds number of 45,
where the drag coefficient is approximately 1.63, independent of
Mach andKnudsen numbers for particles in thermal equilibriumwith
the surrounding gas. This yields a model defined by two regimes:
compression dominated for Rep > 45 with Eqs. (14–16) and
rarefaction dominated for Rep < 45 with Eqs. (22–27).

For the compression-dominated regime, the experimental data and
the empirical correlation indicate that Mach number effects are
generally weak below the criticalMach number (Mp < 0:6), whereas
a nearly constant drag coefficient is found in the hypersonic regime
(Mp > 5). For the rarefaction-dominated regime, the present model
directly incorporates all the relevant theoretical limits in the
rarefaction-dominated regime (an attribute not found in most
previous models). It also correlates well with experimental data and
DSMC for finite particle Reynolds numbers, with improved
predictive performance in terms of accuracy and robustness
compared with previous models. However, the models do not
incorporate effects of unsteadiness or nonsphericity. Further research
is needed to understand whether the nexus conditions corresponds to
1) a limit atwhichRep is too small to have significant compressibility
effects, whereas Rep is too large to have significant rarefaction
effects, or 2) a limit at which the compressibility effects and
rarefaction effects are effectively counteractive.

A related investigation into the thermophoretic force noted that the
effects of temperature gradient for incompressible noncontinuum
conditions were not substantially sensitive to gas-to-particle
conductivity ratios and particle surface accommodation coefficients.
Based on this, a model for the thermophoretic force was developed
for a wide variety of Knudsen numbers as given by Eqs. (31–33).
This model agrees well with resolved-surface simulations and
experimental data while tending to the correct theoretical limits, but
does not account for heat or mass transfer effects.
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